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#) Interactive Proofs

&& IP for Graph Non-Isomorphism

BBIP for #SAT
.



# Interactive Proofs

Q : What is a proof for
-A : Someone convinces "prover

-

someone else that "verifier"
-

2

something is true "statement
-

By convention ,
we write all statements as

set membership "instance"2 flanguage"
-isa prime XeLprimes
15 is bipnime 15 Spg : p,g are prime3-

&is a satisfiable formula deformula &17 x &(x) = 13

-has8 satisfying assignments (0,9)e[-- -3

Not all statements are equally hard to prove.

to prove 15 is biprime, give 385
to prove 83 is prime... P

the # of satisfying assignmentss...??

Today ,
we define interactive proofs (IPS) :

An EIP is two interactive algorithms (P,
v)

· V is PPT
· P is randomized

,
but need not be polytime

· both take input x (the instance)
· V outputs 1 (accept or reject)



· They interact like this :

P(x) V(x)
-

-

->

-

-
:

· the message count & sizes must be

poly (1) ,
since Vis.

· < P
,
V)(X) denotes V's output at the end

An IP must be complete + sound for a target
language 2 : completness error

I

Complete : VxeL Pr[(P
,
v)(x) = 0] >1

P

Sound : Ex* L *** Pr[<P,
U(x) = 1)=

P
,
V T

soundness error

A special case: non-interactive proofs (NP),
in whichP sends one message
NP is well-studied and there are NP proofs
for many hard problems :

· Hamiltonian cycle
· circuit satisfiability (SAT)
· Graph isomorphism



But not all problems :

· Graph non-isomorphism (ANI
· #SAT : counting circuit assignments=
· Optimal chess (PSPACE) -
· Halting problem =

IPS : S
1
. solve many of these
2. often have better concrete efficiency

Todayp for GNI*

· IP for #SAT
·See a complexity course or the readings
for IP = PSPACE

· See the "succinctness" unit for concrete
efficiency.

& IP for GNI (Graph Non-Isomorphism(
↓ El , ...,

n3
Notation : Let G & [n] x [n] denote a directed

graph on n nodes . (a ,
bJeG if abin G.

Definition Go and G ,
are isomorphic (GoG) if there

exists # ePerms[[n]] s.
t.(Gol =G, where

all bijections->
on [n]

# ([(ai ,bil.) [(icail ,i(bill
↑ "relabels" G's vertices



Proving GoEG ,
is easy .

It's in NP.

P ↓
-

#
T(G)= G,

What about proving GEG? (GI)
· This is not known to be in NP.
· We will give a simple IP.

· The idea is for V to :

1. hold the Gi behind its back

2. choose one at random

3. randomly scramble it
4 show the scrambling to P
5. have p "guess" which Gi was scrambled

.

Protocol :

I ↓
b 20, 13

DGD)TAPermisselse: (H= G.)

b'= 1

This IP is perfectly complete .

Pf : Fix GoFG ,

Case b=0
.
Then

,
H=Go .

Then
,
b'=0.Then

, Vaccepts.

Case b= 1
.

Then
,
HEG1. Then , HEGo .

Then
,
b= 1

.

Then
, Vaccepts.



This IP is"-sound
.

That is
,
for x *2 ,

Pr[(P,
v)(x = 1]=2 ·

Pf
.
Fix GoEG

,

"is independent of
"

-L
Then

,
HH b

. Intuitively ,
bla H is distributed the

Why? Since 50 ,
OCGo) = G

,
for any He came , eithera

Pr [H =H (b=1) = Pr [T(a(Gd) =H']
TI

~ PrIOCG
= P ,

[m (G) =H]
↑ uniform

= Pr[H = H ' (b=0]
Then

,
b'Hb CP computes b' from H)

Ther
, Pr[b= b]=2

.

· Recall that our definition of soundness
W

required error 11
.

So, repeat this IP twice!
-

(()" = 13/3 !

#SAT in IP

SAT : does a Boolean formula I has a solution

#SAT : how many solutions?

(b
,
k)E#SAT if I has k solutions

We'll see an IP for #SAT
, calledcheck.

Sumcheck is very important. Today we'll see its

beautiful theory. Later in the course we'll see its
practical applications.



Letb be in 3-conjuctive normal form : (3CNF) :

b = (X , vXyv -Xj)
a (XzvXz v X5) clauses
a... 4 ↑ J

literal:
m variables

Xi or 7Xi

n clauses : 0 = c, a ... n On

fix a prime p c2m , logp = poly(1)
we'll map a formulaI over = X , , ..., Xm into

a polynomial IPI over Y = X, . . .,Xm inp

Itrue) = 1
,
Ifalsel = 0

[xi] = Xi
#vP] = 1- lIPT

1[pr4D = [PD ·14]

(IPv4D = /t< (10a <4) = 1- (1-1PD)(1-14T)

Ex : IX , vXyv = X5) = 1 - (1 - X
,]() -Xg)X5

IC, ... ncnD =

MllciD

key fact : $(*) is true > IIP(* ) =1

Now : I hasle solutions

E ↓
degldB = In

k = 2 = -.- ID(b,BobbelB bzEID
& IB = 50, 13



We'll forgetI , and study this a polynomial problem

felp
**[X

, . .. ..
Xm] m

,
d

, log p = poly (x)

Protocol to show k=ZiZflb-b)

Sumcheck Protocol -Note: The claim
-

only evaluatesf

if m=O
,
then V just cheeks it... K

= f on IB,
but the

protocol will use
if m =I

, I V all ofAp !
-

computes
n(X.) = 2 . . . [f(X , by ...

,
bm)

bzelB bm

deg hed&(x) (n(0)thi =K

rYp
r
-

recurse on

n(r) = 2 ... [ f(r ,by ...,bm)

w
byelB bmEIBL

k' = h(r) f(Xz) = ,Xm)
= f(r

,
Xz, ...Xm)

(i.e
., pluy Xitr in

Efficiency for 1 :

in m rounds : evaluates h (univariate) thrice.

at end : evaluates f (multivariate) once

much better than 2 evaluations



This is perfectly complete: (induction m)
base case : V checks directly
recursive:

h(X.) = Z ... If(X,be bls

So :

h(0) + h(l) = z . . f(b, b .....
bm)

= K
That shows Us test passes.

-

We also have to show the recursive claim holds.

h(r) = < ... fr,
this is true by his definition. poly(x)

Soundness error is 1-(1-bp)m = 1-(1-dm/p)=m/p
-

If claim is false
,
V rejects w/ prob. (1-3/p)M exp(x)

Induct on mi
=neg)(x)

Base case
:O cheeks directly ,

and rejects
Recursive: Say K.. (b...

Let P send i (X) .

Ifi (x) = h(X,)
,

then h(X) +h(xz)+ K.
= V rejects
If n(X) = h(X,)

,

then
· Fact : the recursive claim is false

-



w/ probability (1-d/p).
· This fact finishes the proof :

Pr[V rejects]
=Pr[rec

. claim fabse]Pr[V rec. rejects
= (l - d/p) (1 - bp)m

- 1

O
= (l - d/p)m

(induction !

· So
,
lets prove the fact:

Pr[rec.
claim false]

= Pr[(r)[ ... I f(r ,be
, ...,bul]

b2 bm

= Pr[h(r)= h(r)]
= Pr[( - h)(r) +0]
-> I-d/p (n-h has -d roots !)

(fundamental theorem
of algebral E

What does sumcheek look like
,
unnoblee?

P V
-

-

h
,
(X) =Z...Zf(X, by ... b is

*- h .
(0)th ,
(i = K



(claim:=zCrisbe --

-
bm)

h z(Xz) =z..f(rXb
-

Ma(d +ha(l) =h , (r)

(claim : he(re)=...frb

Ng(X)=Zfr ,rXb...
ha
->

*

·
the last

-> hm(rm)Eclaim

-> f(r....., rm)

single evaluation of f.


